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ABSTRACT 

We revisit the higher spin extensions of the anti de Sitter algebra in four dimensions 
that incorporate internal symmetries and admit representations that contain fermions, 
classified long ago by Konstein and Vasiliev. We construct the dS^, Euclidean and Kleinian 
version of these algebras, as well as the corresponding fully nonlinear Vasiliev type higher 
spin theories, in which the reality conditions we impose on the master fields play a crucial 
role. The M = 2 supersymmetric higher spin theory in dS±, on which we elaborate 
further, is included in this class of models. A subset of Konstein- Vasiliev algebras are 
the higher spin extensions of the AdS^ superalgebras osp(A\N) for M = 1,2,4 mod 4 
and can be realized using fermionic oscillators. We tensor the higher superalgebras of the 
latter kind with appropriate internal symmetry groups and show that the M = 3 mod 4 
higher spin algebras are isomorphic to those with M = 4 mod 4. We describe the fully 
nonlinear higher spin theories based on these algebras as well, and we elaborate further 
on the M = 6 supersymmetric theory, providing two equivalent descriptions one of which 
exhibits manifestly its relation to the M = 8 supersymmetric higher spin theory. 
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1 Introduction 



Minimal higher spin (HS) gravity in four dimensional spacetime describes a generalization 
of Einstein gravity by inclusion of a real scalar field and infinite set of even HS fields, each 
occurring once, in terms of nonlinear and consistent field equations proposed by Vasiliev 
in 1990 [1]. For reviews, see [2, 3, 4]. In recent years a strong motivation for exploring HS 
theories has been their holographic descriptions by means of remarkably simple boundary 
CFTs[5, 6], the weak- weak coupling nature of these descriptions, and the prospects of 
unraveling a highly symmetric phase of string theory. 

While most investigations in HS theories have been in the context of bosonic models 
in four dimensions, efforts towards understanding the string/M theory origin of these 
theories are expected to involve supersymmetry. In fact, historically, a connection between 
massless HS fields and free boundary CFT seems to have been first proposed in 1988 by 
Bergshoeff, Salam, Sezgin and Tanii in [7] where it was shown that the osp(8\A) invariant 
superconformal field theory [8], which arises in the quantization of the supermembrane 
in AdS^ x S 7 with its worldvolume wrapped round the boundary of AdS^ [9, 10, 11, 12], 
contains in its spectrum an infinite set of massless HS fields. These states correspond to 
the symmetric product of two OSp(8\A) singletons and arrange themselves into an infinite 
tower of osp(8\A) supermultiplets with maximum spin s max = 2, 4, 6, .., oo, the lowest one 
being that of gauged N = 8 supergravity in four dimensions (AD) 1 . The details of the 
underlying super HS theory were spelled out much later in [14, 15]. 

In the context of HS holography, the next appearance of supersymmetric boundary CFTs 
occurred in 2002 [5] where super HS theories in D = 4,5,7 were considered. These 
dimensions were motivated by AdS$ x S 5 vacuum of Type IIB string, and the AdS^ x S 7 
and theAdSj x S* 4 vacua of M theory. The following year, aspects of HS holography in 
the context of M = 1 super HS theories in AD were treated in [16, 17]. More recently, an 
M = 6 supersymmetric HS theory in 4D and its connection with string theory has been 
investigated in [18]. 

In formulating the super HS theories in their own right, it is natural to start with the de- 
termination of a suitable HS superalgebra. Various HS superalgebras in AD were proposed 
in [19, 20, 21]. However, once the importance of the HS spectrum being determined by 
the two-fold product of the singletons was understood [14, 22], it soon became clear that 
a sensible HS algebra that underlies a consistent description of HS interactions must have 
generators in one to one correspondence with the spin s > 1 part of the spectrum that 
follows from the two-singleton product. An alternative way to state this requirement is 
that the HS algebra must admit a massless unitary representation with the same spectra 
of spins as predicted by the structure of gauge fields originating from the HS algebra. 

1 The fact that the symmetric product of two SO(3, 2) singletons contains an infinite set of massless 
HS fields was discovered by Flato and Fronsdal [13]. 
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This requirement was called the "admissibility condition" in [22], and it was shown in 
[23] that only a subset of the HS algebras of [19, 20, 21] were actually admissible. A 
class of admissible HS superalgebras 2 in 4D were subsequently constructed by Konstein 
and Vasiliev (KV) [22]. Further HS superalgebras in AD [24], in 5D [25] and 7D [5], and 
generically in D > 4 dimensions have also been constructed [26]. The construction of 
these algebras uses fermionic or vector oscillators, and in some cases they are extended 
by tensoring with suitable matrix and Clifford algebras. 

Given a HS superalgebra in D < 4, the construction of the corresponding fully nonlinear 
HS theory proceeds uneventfully alongs the lines of the minimal Vasiliev system. In each 
case, it is important to impose suitable reality and projection conditions on the master 
fields, which depend on a set of commuting fermionic oscillators, and to ensure the correct 
spin-statistics for their component fields. In dimensions D > 4, however, the situation 
is different because the certain properties of the fermionic oscillators that hold in D < 4 
cease to hold. For example, in 5D, it is not clear how to construct an appropriate central 
term in curvature constraints in a Cartan integrable fashion for the simple reason that 
the fermionic oscillators are 4-component, while in 4D this is not a problem owing to 
the fact that the fermionic oscillators are 2-component in that case. Nonetheless, HS 
field equations can still be written down at the lineraized level for models based on HS 
superalgebras in certain cases; see [25] for D = 5 and [5] for D = 7. Employing suitable 
vector oscillators [27] instead of fermionic oscillators, bosonic HS theories in arbitrary 
dimensions have been constructed [26], but supersymmetric extension of these models is 
apparently not known. 

The purpose of this paper is to extend in various directions the results that have been 
obtained so far on fully nonlinear HS theories with fermions and supersymmetry in four 
dimensions [23, 28, 29, 14, 15, 24, 30, 18]. More specifically, we shall construct the dS^, 
Euclidean and Kleinian version of KV algebras, and the corresponding fully nonlinear 
Vasiliev type HS theories, in which the reality conditions on the master fields play a 
crucial role. The M = 2 supersymmetric HS theory in dS^, on which we shall elaborate 
further, is included in this class of models. A subset of Konstein- Vasiliev algebras are 
the HS extensions of the AdS^ superalgebras osp(4\Af) for Af = 1,2,4 mod 4 and can 
be realized using fermionic oscillators [22] . We shall tensor the HS superalgebras of the 
latter kind with appropriate internal symmetry groups and show that the resulting HS 
algebras with M = 3 mod 4 are isomorphic to those with M = 4 mod 4. We shall provide 
the fully nonlinear HS theories based on these algebras as well. We shall also exhibit 
the truncations of a model with M supersymmetry to that with M — 2, and in particular 
obtain an M = 6 HS theory from an M = 8 HS theory, which provides an alternative 
description to that of [18], and makes manifest its relation to the M = 8 HS theory. 

2 The terminology of "HS superalgebra" is used in a wider context in [22] to include algebras that 
contain fermionic generators but not necessarily contain the ordinary spacetime superalgebras as finite 
dimensional subalgebras. 
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2 The Bosonic Models in Four Dimensions 



In this section, we review the structure of Vasiliev's equations in the case of bosonic 
models in AdS±, including their 0-deformations, HS gauge symmetries and the minimal 
projections, in particular defining the Type A and Type B models. We shall then review 
their formulation in (IS4 as well spacetimes with Euclidean, Kleinian signatures. 



2.1 Vasiliev Equations in AdS± 

The four dimensional minimal bosonic Vasiliev models in AdS± have perturbative spectra 
given by a real scalar, a graviton and a tower of Fronsdal tensors of even ranks greater 
than two, which form an irreducible and unitarizable representation of the minimal higher 
spin Lie algebra extension /is (4) of so(3, 2) = sp(4; K). While the linearization only refers 
to algebraic structures within the enveloping algebra of sp(4; R), the full theory is based 
on the finer structure provided by the associative ^-product algebra generated by two 
Grassmann even sp(4, R) quartets (Y^, Z&), a — 1, 4, obeying 

\y«,Y £ l = 2iCaM = -[Z«,Z £ l , [Y«,Z £ l = 0, (2.1) 

and the reality conditions 3 

Ya '■= (UaiVa) , := { z ai ~ z a) i {Ua) := Va i ( z a)^ '■= z a ■ (2-2) 

Letting x M coordinatize a bosonic base manifold, which we refer to as X-space, and 
introducing anti-commuting line elements (dx 11 , dZ-) and 

d := dx^ + dZ^, da(-) := ^[Zarl, (2-3) 

using conventions in which 

d(f*g) = (df)*g + (-l) dc ^f*(dg) , (djy = d((fy), (2.4) 

(f*?)t = (-l) dc ^ dc ^)(^)t^(/)t, (2.5) 
where deg denotes form degree, and writing dz 2 = dz a * dz a idem dz 2 and 

f,g] = f*g-(-l)**f**®g*n(f) , (2.6) 

- 7T 

where the automorphism 

n(f(y,y;z,z)) := f(-y,y;-z,z) , ird = dw , (2.7) 



3 An alternative convention is {y a )^ ■= Ua and (y a )' ! := —y a , as used for example in an equivalent 
form in [181. 
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idem tt, the equations of motion for the minimal bosonic models read [1] 



: - ( dz 2 V + dz 2 V 



L>$ := d$ 



{2.1 



(2.9) 



where 



(i) the master one form A = dx^A^XjY, Z) + dZ-Ag_(x,Y, Z) and master zero form 
$ = $(x, Y, Z) are subject to the reality conditions 

A* = — A , $ f = tt(S) , (2.10) 

and minimal bosonic projections 

t(A) = -A, l f = -A, t($)=tt(8), (2.11) 

where the graded anti-automorphism 

r(f(Y,Z)) := f(iY,-iZ) , rd:=dr, (2.12) 

r(/*?) := (-l) dcs(/ > s ^r(?)^r(/) ; (2.13) 

(ii) the deformations 



V 



V 



p=0 

where the Kleinians are defined by 

K-kf-kK := 7r(/) , K := (k)^ 



(V) t 



(2.14) 



(2.15) 



and v p = Vp(&, Ag) are r-invariant complex valued functionals that are constant on 
shell, i.e. dv p = modulo the equations of motion; for non-trivial examples of such 
zero-form invariants, see [31, 32, 33, 34] 

Key features of the Vasiliev system are: 

• its universal Cartan integrability 4 , i.e. its compatibility with (d) 2 = on base 
manifolds of arbitrary dimension, which implies invariance under the gauge trans- 
formations 



6?A = Be := d 



Are 



(2.16) 



where ~e — e(x, Y, Z) is subject to the same kinematic constraints as A. The closure 
relation [<5ei,5? 2 ] = S^^]* defines the higher spin algebra hs(4). 



*The universality plays a role in certain off-shell formulations [33, 34] and in HS geometries [31] 
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its equivalent formulation as the deformed oscillator system 

S[ a *Sp\ = -2ze aj8 (l-V) , S[ & *Sft = -2ze d ^(l-V) 



iSq., Sq 















where 



coupled to the Maurer-Cartan system 



, = 



. 



Splitting 



D^S a : — d^Sa + [Ap, S a \* 

oo 

v = v+ + v_, v± = ^-(i±(-i)> p (8^ 



(2.17) 
(2.18) 

(2.19) 

(2.20) 
(2.21) 

(2.22) 



p=0 



it follows from {S a , $ * ft}* = = [S&, $ * ac]* that the perturbatively defined 

(2.23) 



redefinition S a — > y 1 — V+ * 5^ idem induces 

V+ ->• , V_ -)• (1- V+)* (-1) *V. 
By perturbatively redefining $, one may take 5 



V = exp*(i§)*$*K , 6 = J2 9 pX* P ' * := ($* 

p=0 



k)* 2 



where 6 P are r-invariant real valued zero-form invariants such that 



9 = (6) f = r(§) , DQ := d6 
modulo the equations of motion. 



AG 



(2.24) 



(2.25) 



The deformation V cannot be simplified further by perturbatively defined master field re- 
definitions [29], which shows the key role played by the Kleinian operators 6 . As perturba- 
tively defined redefinitions need not be globally defined in moduli space, the classification 
of non-perturbatively inequivalent Vasiliev systems remains an interesting open problem. 



5 The quantity X obeys DX := dX 
= $*7r($) = (<£>*k)* 2 . 



A,X 



= and (Xy = t(X) = X. One also has X 



6 For example, replacing V($*k) by V($) where $ is an adjoint zero-form obeying D$ := d$+ [A, $] + = 

yields a system without local perturbative degrees of freedom which can be brought to F = = 
by means of a perturbatively defined field redefinition 
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The minimal bosonic models are consistent truncations of non-minimal bosonic models 
obtained by replacing the r-projection by the weaker bosonic projection 7 

r 2 (A) = txtx(A) = A , r 2 ($) = 7T7f(8) = $ , (2.26) 

and removing the r-invariance condition on 8 P . 

The parity map is the automorphism of the oscillator algebra defined by 

P(f(y,z;y,z)) = f(y,-z;y,-z) , Pd = dP . (2.27) 

The 9-deformation breaks parity except in the following two cases [30]: 

Bosonic Type A model : § = 9 = , (2.28) 
Bosonic Type B model : § = 9 = § , (2.29) 

for which the master field equations and kinematic constraints are invariant under 

P{A) = A , P($) = e 2ie °$ , (2.30) 

which assign intrinsic parity e 2%e ° to the physical scalar. The parity invariant models may 
be minimal or non-minimal depending on whether the bosonic projection is imposed using 
r or t 2 . 



2.2 De Sitter Space, Euclidean and Kleinian Signatures 

Bosonic models in four dimensional spacetimes with different signatures and different 
signs of the cosmological constant can be obtained by complexification of (2.8) and (2.9) 
by keeping the bosonic projection while dropping all reality conditions, and in particular 

treating V and V as independent odd ^-functions, followed by imposition of suitably 
modified reality conditions; for a detailed construction of these models, see [35], and for 
their harmonic expansions and spectra, see [36]. The complexified HS algebra admits 
three distinct real forms, containing either so(5), so(4, 1) and so(3,2). Each of the latter 
are compatible with two different spacetime signatures, leading to five distinct models in 
total. The reality conditions read 

A ] = - a (A) , 8 1 " = <r(7r(6)) , (2.31) 

7 We are assuming standard spin-statistics such that bosonic projection is tantamount to setting half- 
inter spins to zero. 
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su(2) L x su(2) R : 




= y a , 


[z a ] 


l f = z 

i i 










l f - z- 


su(2; C) diag : 




= r, 




) f = ^ , 


sp(2;R) L x sp(2-R) R : 




= y a , 




)t = 






= t , 




) f = -z & 



where the map a is given in Table 1 and hermitian conjugates of doublets are defined as 
follows for different Lorentz algebras 8 : 

(2.32) 



(2.33) 
(2.34) 



The reality conditions in (2.31) define the higher spin algebras ho(p, 5 — p) D so(p, 5 —p), 
which only refer to the signatures of the isometry algebras, and their twisted adjoint 
representations, which also refer to the spacetime signatures. The signatures can be 
determined by using van de Waerden symbols to map YgXb into Mab obeying (M AB y = 
<j(Mab)] f° r further details, see [35, 36]. As for the deformations, their reality conditions 
read 

Signature (3, 1) : V t = V , (2.35) 
Signatures (4, 0) and (2, 2) : V f = V , V = V , (2.36) 
and by re- defining <3>, one may take 

Signature (3, 1) : V := ef*$*K, V := (V) t = e; i§ *$*^, (2.37) 
Signature (4, 0) and (2, 2) : V := ef*8*£, V := (T e; e *$*^ (2.38) 

with G given by (2.24) and a"o = ±1. The parity assignments 

P{A) = A, P($) = e 2ie °$ , ^ = 0,^, (2.39) 

with P defined as in (2.27) for all signatures, imply that the physical scalar has intrinsic 
parity e 2ie ° and that 

(3, 1) signature : G = 6 , (2.40) 
(4, 0) and (2, 2) signature : Q = , a = e m ° . (2.41) 
In non-Lorentzian signatures, one has the maximally parity violating 

Chiral models ((4,0) and (2,2) signatures) : V = $*£, V = . (2.42) 



8 In Euclidean signature, where we have absorbed the isomorphism p used in [35] into the symbol f . 
one has ((/^))^ = n^if) and the reality conditions are consistent in view of the bosonic projection. 
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loOlilcll y 




OjJllUJl o 


A 2 


U 


V cLL^ UUlil 


so(5) 


(4,0) 


SU(2) L x Stf(2)« 


-1 


id 




80(4,1) 


(4,0) 


S£/(2) £ x SU{2) R 


+1 


7T 




*o(4,l) 


(3,1) 


SL(2, C)diag 


-1 


7T 




so(3,2) 


(3,1) 


SL(2,C) diag 


+1 


id 




so(3,2) 


(2,2) 


SL{2,R) L x SX(2,R) H 


-1 


id 


H-2,2 



Table 1: Each row correspond to a real form of four dimensional higher spin gravity with indicated 
spacetime signature, cosmological constant A = — 3A 2 and vacuum solution with listed isometry. The 
spinor oscillators transform as doublets under the groups listed under spinors. H4 stands for the 4- 
hyperboloid, also referred to as the Euclidean AdS^, and #2,2 stands for the coset SO(3, 2)/SO(2,2). 

3 Fermions and Yang— Mills Symmetries 

Here we shall begin by reviewing the Konstein-Vasiliev construction of HS algebras that 
are extended by inclusion of algebras generated by matrices and fermionic elements, re- 
sulting in HS theories in AdS± with fermions and internal Yang-Mills symmetries. We 
shall then generalize these results to dS± as well as four dimensional spacetimes with 
Euclidean and Kleinian signatures. 

3.1 Konstein-Vasiliev Algebras in AdS^ 

Fermions and internal Yang-Mills symmetries can be introduced by tensoring the (Y, Z)- 
oscillator algebra by suitable matrix and Clifford algebras. In the AdS^ case, Konstein and 
Vasiliev [22] have constructed three families of extended HS algebras admitting unitary 
representations given by squares of singletons and containing bosonic subalgebras given by 
the direct sums of sp(4; M) = so(3, 2) and the Yang- Mills algebras u(m)(&u(n), o(m)®o(n) 
and usp{m) © usp(n), respectively, namely 

hu(m-n\A)) : S± ® S± , (3.1) 
ho{m;n\A) : [S± ® S±} ± , (3.2) 
husp(m; n\4:) : [S± <g) S±] , (3.3) 

where S + := (m, Rac) © (n, Di) and S*_ := (m, Di) © (n, Rac), with Di and Rac referring 
to the spinor and scalar singleton representations of sp(4;M), respectively, and [-] ± stand 
for symmetric and antisymmetric tensor products, respectively. The singleton products 
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decompose under the bosonic subalgebras as [22] 

hu(m;n\A) : (m 2 - 1, 1) © (1, n 2 - 1) © (1, 1) © (1, 1) s = 0,l,2,3 

(m, n) © (fh, n) s 



13 5 
2' 2' 2' ' ' ' 



/io(m;n|4) : {\m{m - 1), 1) © (1, \n{n - 1)) s = l,3, ... 

±m(m + 1) - 1, 1) © (1, |n(n + 1) - 1) © (1, 1) © (1, 1) s = 0, 2, 4, . . . 



fm, n) © (m, n) s 



13 5 
2' 2' 2' 



/zwsp(m;n|4) : (|m(m + 1), 1) © (1, |n(n + 1)) s = l, 3, ... 

(|m(m - 1) - 1, 1) © (1, |n(ri - 1) - 1) © (1, 1) © (1, 1) s = 0, 2, 4, . . . 

(m,n) © (m,n) s = |, |, |,... 

(3.4) 

where the fields with spin s ^ 2 carry the representation D(s + 1; s) of the algebra 
with lowest energy s + 1, as it should be for massless fields, and the scalars carry D(l; 0) 
or D(2;0) depending on their intrinsic parity. The realization of these spectra in terms 
of linearized fields subject to suitable boundary conditions will be described below. The 
models with mn > contain fermions and are based on HS algebras that are superalgebras 
in the sense that they involve fermionic generators, but, as we shall review below, only a 
class of them contain the standard AdS± superalgebras. 



3.2 Full Models in (anti) de Sitter Space and Diverse Signatures 

Fully nonlinear interactions as well as the possibility of having different spacetime signa- 
tures and signs of the cosmo logical constant, are accounted for by extended master fields 
(A, <3>) valued in the direct product of the (Y, Z)-oscillator algebra and internal associative 
algebras given by 

AdS 4 ,H 2t2 : Cliffi(C)©Mat m+n (C) , (3.5) 

dS 4} H 4} S 4 : Cliff 2 (<C) ©Mat m+n (C) , (3.6) 

where Cliff ^(C) denotes the Clifford algebra with k fermionic generators, say 8 r , r = 
1, . . . , k, obeying {6 r , 8 s }* = 25 rs . The master fields 

(i) are Grassmann even, i.e. 

e t (A) = = e f ($) , (3.7) 
where £f counts the Grassmann parity of generators as well as component fields; 

(ii) obey the spin-statistics conditions 

ixim e (A) = A , 7r7f7r e ($) = $ , (3.8) 
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where ire is the automorphism with non-trivial action irg(6 r ) = —6 r ; and 
(hi) belong to the graded matrix algebra defined by the projection 



n e Ad r (A) = A , 7r e Ad r ($) = $ , 



Imxm 

-l n 



(3.9) 



The further imposition of reality and r-conditions yields three families of models based 
on the adjoint and twisted adjoint representations of extended HS algebras as follows 9 : 

• hu(m;n\p, 5 — p): the master fields obey the reality conditions given in Table 2 
where the f acts in Mat m+n (C) as standard matrix hermitian conjugation and in 
the Clifford algebras as 



AdS4, 



? i)t 



e rs 6 s 



(3.10) 
(3.11) 



where the doublet structure is introduced so that the hermitian conjugation in the 
total (Y, Z, ^-oscillator algebra, which need not square to the identity, is compatible 
with the reality conditions; 

ho(m; n\p, 5 — p) and husp(m] n\p, 5 — p): the master fields obey the further projec- 
tions 

t(A) = -A, r(S) = 7f(S) , (3.12) 
where the graded anti-automorphism 10 



r(f(Y,Z,dZ,e)) := (77 * f{iY, -iZ, -idZ, iO) * rj' 1 
with (-) T denoting transposition in Mat m+ri (C) and 

ho(m; n\p, 5 — p) : 77 

husp(m; n\p, 5 — p) : r\ 
where e mxm denotes the constant symplectic matrix of rank m 



(3.13) 



mxm 








lnxn 


mxm 








^nxn 



(3.14) 
(3.15) 



9 Thc algebras hu(m; n\2, 3), ho(m; n\2, 3) and husp(m; n\2, 3), respectively, are isomorphic to 
/ra(m;n|4), ho(m; n|4) and husp(m; n\4). 

10 By its definition, one has r(/*g) = (-l) e (/) e (9)+ d °g(/) dc s(9)( T (/)) * (r(<?)). 
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In all cases, the Vasiliev equations take the form (2.8) and (2.9) with 

V := P($*kt) , V := , (3.16) 

which may be simplified using perturbatively defined field redefinitions, as discussed ear- 
lier, to obtain 

Signature (3, 1) : V = ef*8*«r, V = e^ @ *$*S, (3.17) 

Signature (4, 0) and (2, 2) : V = ef*$*£r, V = a e; § *$*R, (3.18) 
with cr = ±1 and 6 given by (2.24) where X := ($ * k)* 2 = $ * 7f($) = $ * 7T7r e ($) = 

(8*£r)* 2 . 

In AdSi and i?2,2, the resulting set of dynamical Lorentz tensors and tensor-spinors is 
summarized in (3.4) with the understanding that s refers to Lorentz spin. 

The dS^, H4 and S 4 cases exhibit an additional doublet structure, viz. 

A = Y,& + K ei ) p °> £=J](^ + ^) P -> (3.19) 

a=± cr=± 

where P a := |(1 ± T e ) with Y e := 1O 1 ★ # 2 obeying (r e )t = T e = -r(r e ) and (r e ) 2 = 1, 
implying that in models based on hu(m; n\5 — p,p) one has 

(A a y = - A a , ($* ff )t = e v&_ a , (3.2O) 

while in models based on ho(m; n\5 —p,p) and husp(m; n\5 —p,p) one has the additional 
r conditions 

r(l CT ) = , r(%) = -ify . (3.21) 

Assigning parities as 

P(A) = A , P(8) = e 2i9 °8*r, (3.22) 
with P defined as in (2.27) for all signatures, parity invariance requires that 

= O = 0, I , a = e m > , (3.23) 

which we refer to as the Type A and Type B models with fermions and Yang-Mills 
symmetries, respectively. The dynamical scalars in Q\y=z=o can be arranged into real 
scalars with definite intrinsic parities as follows: 

AdS 4 , dS A : $|y=z=o := <P+ + i<f>- + {<P+ ~ i<f>-) * T , (3.24) 

H 2j2 ,S 4 ,H 4 : $\ Y=Z=0 := 0+ * (1 + T) + 0_ * (1 - T) , (3.25) 

where 

(0±) f = 0±, P(^±) = ±e 2 ^0±- (3.26) 
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3.3 Linearization and Spectrum 

In all cases, letting ($, W) be the fluctuations in ($, y4)|^ =0 around a spin 2 background 
(($,!)) = (0,Q) obeying 

dtt + tt*VL = 0, := e + w, (3.27) 



e:=^e a( V^, c := 1 (> Py a y p + u^y & y^j , (3.28) 

where e aA = § (a a ) a( V with A 2 > for AdS 4 , #2,2 and S 4 , and A 2 < for dS A and # 4 , 
and further details are given in Appendix A, the linearized equations of motion read 

VW + {e, W}* + l - ( e- ie °e a& e^—^—^\y =0 + e i6 °e™eJ— ^— $\ y=0 *v) = , 



2 V dy a dyP Iy " u dp<V 

(3.29) 

V$ + {e,$}, = , (3.30) 

where V = <i + ad w denotes the background Lorentz covariant derivative. As Eqs. (3.27), 
(3.29) and (3.30) have been obtained by linearizing a nonlinear Cartan integrable system, 
it follows on general grounds that they are left invariant under linearized Cartan gauge 
symmetries, viz. 

5 e e = Ve 5 + [e, e A ]* , 5 e u = Ve A + [e, e € ]* , (3.31) 
5 e W = Ve+[e,el + [W,e A l+[W,e^-i(e~ i6o ef e/^^^ =0 + h.c.^ , (3.32) 

5 e $ = [$,e A ]*-{$^}* , (3.33) 

as well as nonabelian Killing symmetries with parameters eo valued in the Konstein- 
Vasiliev algebra at Z— = obeying 

Ve + [e,e ], = , (3.34) 

and acting on the fluctuation fields in accordance with the structure of quadratic terms 
in nonlinear system (see Appendix B) which in the case of the Weyl zero-form amounts 
to 

5 eo $ = -[60,$]* , (3.35) 

while 5\ W = [W, A]* + trilinear terms; see Appendix B. By means of algebraic Cartan 

integration, viz. (fi, W, $) = (exp W', &')\w'=o,si'=o where 7^' is the generator of 

Cartan gauge transformations with finite gauge functions and $' is a constant twisted- 
adjoint element, one has 

£1 = L- l *dL, $ = L' 1 * $' * ?f(L) , (3.36) 
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where L is a background gauge function, and W given algebraically in terms of <£>', L and 
its own gauge functions. Likewise, the Killing parameters 

e = L _1 *eo*L . (3.37) 

Hence, taking e' and $' to belong to adjoint and twisted-adjoint representations of the 
KV algebra, respectively, and choosing a gauge function L, one obtains expansions of the 
dynamical fields and Killing parameters in terms of harmonic functions on the maximally 
symmetric background, which by construction obey the lineraized field equation subject 
to boundary conditions that are consistent with their forming representations of the non- 
abelian KV algebra. In particular, in AdS^ and dS±, this method can be applied using 
unitary twisted-adjoint representations for massless fields; for a treatment of dS^, see [36], 
and for mixed-symmetry fields in diverse dimensions, see [37, 38]. 

In AdS^, one may consider harmonic expansions in which the fields with s ^ ~ carry 
lowest weight spaces D(s + l;s) of so(3, 2) with intrinsic parity (— l) s for bosons; the 
compact basis element with energy u and spin m corresponds to a harmonic Weyl zero- 
form Q^^'bis) 71 ( xfl ) ^ na ^ * s an eigenfunction of the AdS± Killing vectors corresponding to 
the energy operator and a compact spin generator. Since the spin s Weyl tensor of the 
spin s gauge field is given by 

C a(s) = e-' e °$ Q(2s) , (3.38) 
it follows that if one introduces the electro-magnetic characteristic 11 

, , , , . > magnetic , 
(-l) s+1 $ a(s) , b(s) $ a ^) , . ( 3 - 39 ) 

I < electric , 

idem C a ( s ^b( s ), then the characteristics of C Q ( s ) i 6( s ) and $ a (s),6(s) are the same for sufficiently 
small #o an d opposite for 6 sufficiently close to | [39]. As for the scalars, unbroken higher 
spin symmetry requires <j>± to carry the lowest weight spaces _D(2,0)_ and D(1,0) + for 
= and vice versa for O — f ■ 

Instead of using lowest-weight spaces, the linearized fields can be expanded in #o-dependent 
bases induced by Fronsdal tensors with point-like magnetic sources at the Minkowskian 
boundary of the Poincare coordinate chart in AdS^ [18]. The resulting linear solution space 
in the twisted-adjoint module, corresponding to unfolded bulk-to-boundary propagators 
with the aforementioned magnetic boundary conditions, is spanned by Weyl zero-forms 
(^6o;x,x(^ x ^ labelled by points x in three-dimensional Minkowski spacetime and real polar- 
ization spinors Xa- As found in [18], if < 9q < |, this solution space, in general, is not 
left invariant by all Killing transformations, though supersymmetric HS models were con- 
structed in which the solution space is preserved by finite dimensional AdS^ superalgebras 
for M = 1, 2, 3, 4, 6. We shall comment on these models further below. 



11 More generally, the generalized Petrov classes for <&a(s),b(s) are labelled by ordered partitions 
{ni,...,nfe} of 2s characterized as $ Q (2s) = l 'sY[i=i( u a) ni where u l a are k non-collincar polarization 
spinors. 
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Table 2: The reality conditions on the adjoint and twisted adjoint master holds in different signatures, 
as indicated by the corresponding vacua, are tabulated in the second and third columns. The nesting 
of the reality conditions yields the automorphisms listed in the fourth and fifth columns, while f 2 is 
identically equal to the automorphisms given in the last column. Thus, in all signatures except that of 
i?2,2, the consistency of the reality condition requires the spin-statistics projection TTTfTro(A, $) = (A, $). 
The reality conditions are also consistent with the identity r((/)t) = (r(/))^. 

4 Supersymmetric Higher Spin Theories 

In this Section we describe a subset of the KV models which are based on HS extension 
of ordinary AdS superalgebras. These will fall into three families with M = 1,2,4 mod 
4, respectively, while the minimal models with M = 3 mod 4 automatically have M = 4 
mod 4 as we shall show below. Next, for a given value A/", we extend the HS theories 
by tensoring the underlying HS algebras with internal symmetries. Finally, we spell out 
some details of the minimal M = 2 model in dS^, which has the minimum amount of 
supersymmetry allowed in dS^. 

4.1 Even M in AdS± 

In the AdS 4 case, the extended models based on Konstein-Vasiliev algebras are super- 
symmetric in the usual sense iff m = n, i.e. if the underlying supersingleton contains 
equal number of bosons and fermions, in which case 

ho(m;m\A) D osp{l\A) 3 Q a := 6 1 y a ® a 1 ® l mxm , (4.1) 
hu(m;m\A) D osp(2\A) 3 Q± := 9^ ® (a 1 ±ia 2 ) ® l mxm , (4.2) 
husp(m;m\A) D osp(A\A) 3 Q ! a := 6 1 y a <g> E 7 <g> lm x a , (4.3) 
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where, in the last case, 77 = 1 2X 2 ®l| x f and S 7 = (a 2 ® a*, cr 1 cg>l2x2)!-f = !;•••, 4, 
are so(4) gamma matrices. 

If m = n = 2 k then 

X - (1 + vr.Adr) (Cliff! (C) <g> Mat m+n (C)) =■ Chff^(C) , A/" = 2(fc + 1) , (4.4) 



with generators £\ z = 1, . . . , A/", obeying 

-i^ 1 * f ' * f 1 M — 2 mod 4 



i£* A" = 4 mod 4 , 

= 2*", (CY = e, r(C) = V, ^ kf n (4.5) 



and one can identify 

r ^ r c := * • • • * ^ . (4.6) 

Thus, the sequence of models based on the minimal higher spin extensions shs (A/"|4) of 
osp(A/"|4) in which the master fields (A, are valued in the (Y, Z, ^-oscillator algebra 
and obey (see Table 4 ) 

(i) spin-statistics, viz. 

e f (A,6) = (0,0), 7nf7r € (A6) = (1,8), (4.7) 

where 7r(£*) := — 

(ii) the reality conditions 

(AY = -A, ($y = 7r($)*r ; (4.8) 

(iii) additional r-conditions for 

A" = 4 mod 4 : r(A) = -A, r(8) = 7r($)*r; (4.9) 

(iv) the Vasiliev equations (2.8) and (2.9) with deformations as in (3.17) including the 
parity invariant shs E (Af\4:) models of Type A and Type B defined by (3.22) and 
(3.23); 

is equivalent to sequences of models based on isomorphic Konstein- Vasiliev algebras as 
follows [22] (A" = 2(k + 1)): 

/iu(2 fc ;2 fc |4) A; = 0,2,... , 
shs E {Af\4)^{ husp(2 k ;2 k \A) A; = 1,5,... (4.10) 
ho(2 k ;2 k \A) k = 3,7,. . . . 
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The chain of consistent truncations from J\f to J\f — 2 can be made manifest by refor- 
mulating the subsequence of shs E : (A/"|4) models with M = 2 mod 4 by introducing an 
additional Cliff 2(C) algebra with fermionic generators r] r , r = 1,2, obeying 

0f,7f} := 6 rs , £ f (7f) = 0, (7f)t := r/\ r(^) := irf , (4.11) 

and re-defining (see Table 4 ) 

J\f = 2 mod 4 : r(£) := i£* , T := T^T^, T v := irf + r] 2 . (4.12) 

The minimal M = 2 mod 4 models can then be formulated equivalently using master 
fields (A, $) valued in the (Y, Z, £, ?7)-oscillator algebra subject to spin-statistics 

£ f (A,$) = (0,0) , TTTfTr^A, $) = (A, $) , (4.13) 

where 7r v (r] r ) = —rf] the reality conditions (4.8); the r-conditions (4.9); and the additional 
.^-projection 

[r v ,Al = = [T v ,% . (4.14) 

The Vasiliev equations take the form (2.8) and (2.9) with deformations as in (3.17), and 
the parity invariant minimal M = 2 mod 4 models of Type A and Type B are defined by 
(3.22) and (3.23). 

The shs E (8\4:) model was analyzed in detail in [14] and its truncation to minimal models 
with M = 1, 2, 4 was described in [24] 12 The minimal M = 6 model, given recently in [18], 
can be obtained by first splitting = (£*, rj r ) where i — 1, . . . , 8, i — 1, . . . , 6 and r = 1, 2 
and then imposing 

= , [r„,$l = , (4.15) 



which eliminates the gravitino supermultiplet and its higher spin analogs, resulting in the 
spectrum of the minimal M = 6 model given in Table 3. As shown above, this model can 
equivalently be formulated [18] using only the fermionic oscillators, provided one drops 
the r condition; compare the second and third rows of Table 4. 



4.2 Odd M in AdS A 

The sequence of minimal M = 1 mod 4 models, including the M = 1 model of [24] , based 
on the extended HS algebras shs E (J\f\4:) with maximal finite-dimensional subalgebras 
osp(M\4), has master fields (A, $) depending on (Y-, Z-£\ rj), where (£\ 77), i = 1, . . . , J\f 
are fermionic generators of Cliff/v- + i(C), obeying spin-statistics, i.e. 

£f(A,$) = (0,0), 7T7T7T^ V (A,$) = (1,$); (4.16) 

12 Modcls with Af — 1, 2, 4 have also appeared recently in [18], which, however, are not minimal as they 
are all formulated using four Clifford algebra generators and not imposing any r condition. 



17 



\ r, 

£\S 







l 

2 


1 


3 
2 


2 


5 
2 


n 7 
3 3 


4 


2 


5 


— 6 

2 u 





15 


+ 15 


20 + 6 


15 + 


1 6 


1 














1 


1 


+ 1 


6 


15 + 


1 20 + 6 


15 + 15 


20 + 


6 15 + 1 6 


1 








2 












1 


6 


15 + 1 20 + 6 


15 + 15 


20 + 


6 15 + 


1 6 1 


3 


















1 


6 


15 + 


1 20 + 6 15 + 15 ••• 


4 
























1 



Table 3: The table contains the SO(3, 2) x SO(6) content of the minimal Af = 6 model in 4D arranged 
into osp(6|4) supermultiplets labelled by I with the entries referring to SO(6) irreps with the supergravity 
multiplet at I = . The spin 1 sector of the supergravity multiplcts arises by gauging i?-symmetry 
generators T % i = and the central generator T v . 

the reality conditions (4.8) where 

Af —1 mod 4 : r := z^ 1 ★ ■ • • * ★ 7] ; (4.17) 
the r-conditions (4.9) using 

r(C) ■= if, r( V ) := - irj , (4.18) 

which implies t(T) = T. The equations of motion are of the standard format (2.8) and 
(2.9) with deformations as in (3.17) and parity invariant minimal models of Type A and 
Type B defined as in (3.22) and (3.23). 

In particular, the minimal M = 1 model is based on the HS algebra shs(l\A) whose 
maximal finite-dimensional subalgebra is osp(l\4). The spectrum of the s/is(l|4) gauge 
theory is given by the symmetric product of two osp(l|4) singletons, which decomposes 
into a tower of Af = 1 massless supermultiplets with s max = £ + | and s max = 2^ + 2 
for i = 0, 1,2..., thus containing, in particular, a Wess-Zumino scalar multiplet and the 
supergravity multiplet. 

In the case of Af = 3 mod 4, the analog of the above construction requires fermionic 
oscillators (Cv r )i i = t,---,Af, r = 1,2,3, obeying T(£ l ,r] r ) = (i^\—irj r ) in order for 
there to exist the element 

Af = 3 mod 4 : T := • -^WW W , r*T = 1 , (r) f = r(T) = T. (4.19) 

The resulting minimal model, in which the master fields obeys (4.16), (4.8) and (4.9) 
together with the further projection 

Af = 3 mod 4 : [T r \ A], = = [T rs , % , T rs := V r r] s , (4.20) 

which is consistent as [T rs ,r]* = 0, thus has Af + 1 supersymmetries generated by Q l a = 
SfYa and Q^ +1 = irfrfrfYu. Thus, Af = 3 mod 4 implies Af = 4 mod 4 in HS theories. 
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Table 4: The table displays the basic features of the three sequences of supersymmetric models in 
AdSi in accordance with Af standard supersymmetries: The second and thirds columns list the fermionic 
oscillators and corresponding T operators, respectively. In all models, the reality conditions read (A, = 
(— A, 7r($) The r-conditions, when imposed as indicated in the fourth column, read t(A, $) = 

r] -k (— A, tt( c E > )) -k ri~ l where r(£ l ) = i£ l and T(rf) = —irf, and ?/ = l nxn for o(n) and r\ = e„ X n for 
usp(n). Extending a given minimal model without increasing Af yields the internal symmetry algebras 
listed in the last column. The Af = 2 mod 4 models admit two equivalent formulations; the one with 
additional fermionic oscillators requires a t condition and a further projection [F^A]* = = [r^,$]^ 
where T v := irfrj 2 . 



4.3 Internal Symmetries in AdS^ 

The minimal models in AdS± with M = 1,2,4 mod 4 supersymmetries can be extended by 
internal symmetries without changing M by first removing the reality and r conditions 
on the master fields and then tensoring them with an internal Mat n (C) algebra, after 
which the reality and r conditions can be reimposed with f and r acting on matrices as 
in Sections 4.1 and 4.2. In the case of M = 1,2,4, the spectra can be read off from the 
following expansions of the now matrix- valued Weyl zero-form: 

= M(y) + VM'{y) + &(y) + v V'(y) , (4 

= M(y)+FM'{y)+e^i(y) , (4 

= M{y)+C *£ j M [ij] (y) + rMXy) + $%{y)+e*t j *$% ij k](y) , ( 4 

The resulting spectra are given in Table 5. In the case of M = 2, for 
which there are two types of realizations as described in Section 4.1, the corresponding 
spectra are the same. Furthermore, the reality properties of the fields shown in Table 5 
can be determined from (4.8). For example, in the scalar sector, M>\ y =o = M'\ y= o for 
N = 1, 2, 4, and in the case of M = 4, we have MU y=0 = \eijkiM kl \ y= Q. 

The spectrum analysis proceeds similarly for all M = 1, 2, 4 mod 4 as well. In particular, 
in the case of M = 2 mod 4, for which there are two types of realizations as described in 
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Table 5: The spectra of A/" = 1,2,4 supersymmetric HS theories with internal symmetry. In the case of 
u(n) and usp(n) internal symmetries, the Young tableaux refer to the symmetry properties of the matrix 
valued quantities in (4.21) and (4.23). In the case of u(n) internal symmetry, the Yang tableaux with 
crosses denote Mat„(C) matrices. The maximal finite dimensional supersubalgcbra is given by the direct 
sum of osp(N\&) and the internal symmetry algebra. 

Section 4.1, the corresponding spectra are the same. For example, in the case of M = 6, 
the spectrum is the one given in Table 3, with every field is taken to be u(n) ~ su{n)@u{l) 
valued. The u(l) part contains the Af = 6 supergravity multiplet at the lowest level. 

4.4 N = 2 in dS 4 

In dS^, the M = 2 supersymmetric HS theory is based on the algebra ho(l; 1|4, 1) con- 
tained in the general construction given above. As in de Sitter supergravity, M = 2 is the 
smallest possible number of supersymmetries. In what follows, we shall elaborate further 
on this case and provide an alternative description in terms of oscillators alone. The 
master fields belong to the associative algebra given by Mati+i(C) times the oscillator 
algebra generated by (y a ,y a ,z a ,z°',9 r ) where the fermionic doublet obeys 

{9 r ,9 s }+ = 2S rs , (9 r Y = e rs 9 s . (4.24) 

The hermitian conjugation is defined as usual on the matrices and on the twistor oscillators 
in accordance with SL(2, C) invariance. As a result 

((/)*)* = Mf) • (4-25) 
This is consistent with imposing spin-statistics projection 

e t (A) = = e f ($) , 7vn7r e (A$) = (A, 8) , r*(A,8)*r = (A $ ) , (4.26) 
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where ef denotes the Grassmann parity and T := a 3 . The reality conditions leading to 
a de Sitter vacuum are 

A ] = -tt(A), 8 f = 8*r. (4.27) 
In the /io(l; 1|4, 1) model the master fields also obey the r condition 

t(A) = -A, r(6) = tt($) , (4.28) 

where r acts on Mi + i(C) by transposition. The supercharges of the Af = 2 ^64 super- 
symmetry algebra are realized as 

Qa ■= yJ'a 1 , Ql := yj r a' , (4.29) 

obeying (Q£)t = e rs Q| and 

{g r Q ,g^}* = 2^M Q/3 + , {g;,g*}* = 2^ s p^ , (4.30) 

where T rs := ^[9 r ,9 s ]+ is the so(2)ij generator. 

The above model can equivalently be realized in terms of master fields depending on 
(Y-, £ l ), % — 1,2 and where £ l are fermionic Clifford algebra generators obeying 

(f )t = e^e ■ (4-31) 

The reality conditions read 

(A+,$)t = (-l,$*r) ,r = i^^e 2 , (4.32) 

while there are no r conditions. The supersymmetry charges read 

Qa = CVa , ^1 = • (4.33) 

The set of dynamical fields coincides with that of the M = 2 model in AdS± though the 
reality conditions on the fermions are modified. It is well known that M = 2 supergravity 
in AD contains a vector ghost [40] . It would be interesting to determine the corresponding 
situation in the HS version of the theory we have presented here. 

5 Comments 

The results on supersymmetric HS theories described here, old and new, are hoped to 
play a role in understanding their relation to string/M theory. Moreover, HS theories in 
dSi, Euclidean and Kleinian spacetimes provide fertile grounds for sharpening ideas in 
holography, in the case of de Sitter space providing a framework in which problems that 
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are notoriously difficult to study in the usual string theory can now be addressed [41, 42]. 
Investigations on HS holography, attempts to make connection with string/M theory and 
the need to understand better the already existing interaction deformation in parity non- 
invariant HS theories are likely to motivate further generalizations of HS theories. It 
would be interesting, for example, to construct matter couplings systematically. Three 
dimensional Chern-Simons-quiver theories, which are holographically dual to the Freund- 
Rubin compactifications of M theory to AdS± (see, for example, [43, 44]), in appropriate 
limits may be relevant for such constructions. In this context, the M = 3 compactification 
of M theory on AdS^ x N 010 has been considered briefly in [24] . In the case of M = 1 HS 
theories, the problem of constructing chiral matter couplings would obviously be of great 
interest. 

In analyzing certain aspects of a wide class of supersymmetric HS theories covered here, it 
may be useful to formulate them in superspace. Such a formulation is conceptually simple 
and mathematically manageable, given the universal Cartan integrable nature of Vasiliev 
equations. Indeed, starting with the standard formulation of Vasiliev equations in AdS±, 
they can be formulated in superspace simply by replacing the 4D spacetime with a D = 
(4|4JV) superspace with 4J\f anti-commuting ^-coordinates [45]. This introduces extra 
spinorial directions in the 1-forms as well as ^-dependence in all component fields. On 
the other hand, there are also new constraints coming from projections of the differential 
form constraints in the new spinorial directions. As a result, each supermultiplet in the 
spectrum is described by a single constrained superfield, and we arrive at a superspace 
description of HS theory in AdS4 which is equivalent to the formulation in ordinary 
spacetime. This procedure has been performed in [45] for M = 1 supersymmetric HS 
theory in AdS^. 

In their current form, Vasiliev equations for HS theories in four dimensions contain an 
infinite set of free parameters of which a finite number show up at every new order in 
perturbation theory. All of these parameters break parity when they are non-vanishing, 
except the first parameter, denoted by 6q, which preserves parity when it takes the values 
or 7r/2, for which the physical scalar has intrinsic parity +1 and —1, respectively. The 
parameter 9 shows up already at the free level, where it can be redefined away, however, 
by a duality rotation that mixes electric and magnetic components of the Weyl tensors. 
At cubic order, #o remains the only free parameter, and it has been proposed in [46] and 
tested in [46, 47] that this deformation parameter corresponds to the 't Hooft coupling 
of Chern-Simons theories in 3D coupled to singletons in such a way that free scalars go 
into free fermions at strong coupling and vice versa; for a recent review, see [48]. 

So far, the nature of the three-dimensional counterparts of the higher-order deformation 
parameters remains less clear. In [33, 34] it was found that the off-shell formulation based 
on generalized Hamiltonian actions requires the deformation function to be linear, hence 
containing only the 9q parameter, albeit under certain extra assumptions that remain to 
be validated. On the other hand, as pointed out in [31], at the classical level, the set of 
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deformations can be enriched even further by replacing each deformation parameter by 
a zero-form charge [49, 35]. The properties of the perturbative expansions of zero-form 
charges found in [32, 50] suggest that these new deformations could correspond to exten- 
sions of the generating function in three dimensions by additions of composite operators 
coupled to nonlinear sources. In particular, beyond Af = 8 such extensions would resolve 
some issues related to the absence of an M = 8 barrier for 4D HS supergravities with 
singlet gravitons and generally covariant weak field expansions with AdS± vacua, though 
the presence of the 9$ parameter for M ^ 8 remains a puzzle in the context of hologra- 
phy since Chern-Simons-matter type CFTs do not exist in three dimensions with such 
supersymmetries. 

The singletons play a key role in HS gravity in AdS±, as they can be realized as unitary 
representations of the HS algebra using either the Y— oscillators or free fields in three 
dimensions. These two dual realizations carry over to other signatures with the key dif- 
ference that they are no longer unitary. In particular, in dS± the massless bulk fields 
can be expanded harmonically in unitarizable representations consisting of states that 
are tensors of the maximal compact so(4) C so(4, 1). These representations are not of 
lowest-weight type, but rather generalized Harish-Chandra modules: the analog of the 
ground state is thus the smallest so(4) irrep, from which the remainder of the represen- 
tation space can be generated by acting with the coset so(4, l)/so(4). In fact, the so(4) 
content of the unitarizable representation for a massless spin s field in dS^ is exactly the 
same as the so(3, 1) content of its twisted-adjoint representation [36]. It would thus be 
interesting to characterize group theoretically the free scalar and fermion on S 3 , thought 
of as a boundary of 0LS4, and examine how the square of these representations, which are 
nonunitary, can be rearranged into the unitary irreps for the massless fields, that is, to 
generalize to dS^ the Flato-Fronsdal formula. 

In higher dimensions, in order for supersymmetric models to admit standard spacetime 
interpretations in AdSp, one must have D «C 7. Higher spin models with 32 supercharges 
in D = 5, 7 have been constructed at the linearized level, including their twisted adjoint 
representations in [25, 5]. These constructions rely on Grassmann even spinor oscillators 
Y— and Grassmann odd Clifford algebra generators. An interesting open problem is the 
construction of corresponding fully nonlinear models. 

Breaking of HS symmetries is another clearly important problem. A mechanism for break- 
ing of HS symmetries [51], which is well understood at the kinematic level in the case of 
bosonic models, involves Goldstone bosons as composite of a scalar and spin (s — 2) field 
for giving mass to a spin s field. Some aspects of this mechanism has been discussed in 
[16] for the M = 1 HS theory, and it would be useful to explore this further. Given that 
there is no M = 8 barrier in writing down fully nonlinear and consistent HS theories, it 
would also be interesting to determine whether in such models the symmetries can be 
broken down to J\f ^ 8 supersymmetric HS gravity or ordinary gravity by a GPZ-like 
mechanism [51] or by the mechanism proposed in [18]. 
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A Spinor Conventions in Different Signatures 

We use spinor conventions in which doublet indices are raised and lowered as follows: 

V a = e^y p , y a = y% a , e Q % = 28$ , e^e a7 = 5? . (A.l) 
The van der Waerden symbols (cr a ) a ^ = {p- a )p a obey 

M.W = v ab € + (v ab )J , (<T% a (<r b )J = V a % + (^)J , (A.2) 



where e = \/det rjab. The reality conditions on doublet variables are summarized in (2.32), 
(2.33) and (2.34) and for the van der Waerden symbols we use 

e a/3 , -(a a ) a$ , (a ab ) a(3 ) for SU{2) , 
fetf, «)) f = { (e (a<V, (a a %) for SL(2, C) , (A.4) 

(e a p, (a a ) ap , (a ab ) a(S ) for Sp(2) , 

corresponding to the following representations: 

SU{2) : a a = (i,a i ), a a = (-i,a l ) , e = ia 2 ; (A.5) 

SL(2, C) : a a = (-ia 2 , -io l a 2 ) , a a = (-ta 2 , io 2 a l ) , e = ia 2 ; (A.6) 

Sp(2) : <7 a = (l,cr'), a a = (-l,a 4 ), e = za 2 , (A.7) 

where a* := (a -1 , ia 2 , cr 3 ). The real forms of so(5; C) are defined by [35] 

[M ABl M CD ] = tr] BC M AD + 3 more , (M AB ^ = a{M AB ) , (A.8) 

where r] AB = (rj a b; — A 2 ). The commutation relations decompose into 

[M ab ,M cd }+ = Ur] [c \ {b M aM , [M a6 ,P c ]* = 2^ c[6 P a] , [P ,P 6 ]* = ^ 2 M afe . (A.9) 

The corresponding oscillator realization is taken to be 

A 



M nh = -- 



ffabrvayp + (aab) ap y*yp \ , Pa = ^KTz/a^- (A.10) 
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The real form of the so(5; C)-valued connection Q we choose as 

1 



At 



u?y a y p + u«' y & y $ + 2e?y a y $ , (A.ll 



where 



, ,a0 _ l/_ \a/3 . ,ab -a/3 _ \l- \d/3 ab aa _ A I \aa a ( \ i o\ 

Likewise, for the curvature 1Z = dfl + Q A *Q one finds 

TZ a p = d^ + y^AV + ^Ae/, (A. 13) 

a/3 = de a/ j + 00 al A e 7 ^ -r wpg i \ o Q , 



7^ = (lu^ + u^ Aw^ + efcAe^ , (A. 14) 

^as = de a a + oo ai Ae 1 a + uo^Ae a & , (A. 15) 



and 

1Z ab = doo ab + w a c A oo cb + A 2 e a A e b , ft a = rfe a + w a fe A e 6 . (A.16) 

B Linearized Symmetries 

The generalized curvature constraint 

dX a + Q a (X) = , (B.l) 

where Q a obey the Cartan integrability condition Q a d a Q 13 = 0, is invariant under gauge 
transformations 

5 e X a = T a (X, e) := de a - e p d p Q a . (B.2) 

If X is a background then so is X a (X,v) := (exp ?)/ , where T := T@(X,v)dp and 
are finite gauge functions; c.f. normal coordinates. The locally defined moduli space 
thus consists of the gauge orbits over the constant solutions, i.e. of elements X a (X,X) 
with X = S Pai oC a where p a := deg(X Q ) and dC a = 0. Expanding 



X a = X a + x a , (B.3) 
yields 

dx a + x^dpO + -x^x^d^ff + • • • = , 

6 e x a = de a x ~ 4^0° ~ efad^dpQ" + ■■■ . (B.4) 
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Thus, the linearized limit dx a + x^dpQ a = is Cartan integrable with abelian local 
symmetries 

5 ei x a = del ~ 4d?Q a , (B.5) 
as well as nonabelian global symmetries 

5 eo x a = -e%xW 1 d l3 Q a , (B.6) 

for parameters obeying the Cartan-Killing equation de$ — e^B^Q = 0. 
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